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The first result in this paper is the computation of the value of the Steinberg 
character of a finite group with a weak (B, N)-pair (see [I]) on the character- 
istic functions of the (B, B)-double cosets. With this result we obtain an 
expression for a primitive idempotent affording the Steinberg character, 
analogous to Steinberg’s formula ([7], Theorem 1) for groups assumed to 
satisfy other axioms besides the (B, Qaxioms. 
In Section 2, it is shown that the properties of the Steinberg character 
obtained in [I] and in Section 1 below, are not accidental properties of finite 
groups with weak (B, N)-pairs. After some introductory remarks about 
doubly transitive groups, the first case to be considered is the following one. 
Let G be a finite group generated by two subgroups Gr and G, such that 
the generalized character 
x = l&G2 + 1G - ‘:, - I:, 
satisfies (x, lglncs) = 1, (x, 1,) = (x, 1 :J = (x, l&> = 0, and x C&U x) # 0 
for all (Gr n G, , G, n GJ-double cosets U. These hypotheses are all 
properties of the double coset structure of G. We show that they imply, among 
other things, that the right coset geometry determined by the subgroups Gr 
and Ga is a nondegenerate generalized polygon. Feit and Higman’s work [2] 
then gives further restrictions on the structure of G. If the right coset geome- 
try is a projective plane, then G is a projective ABA-group in the sense of 
Higman and McLaughlin [4], the plane is Desarguesian, and the structure 
of G is known. 
* This research was partially supported by the National Science Foundation. 
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1. ON THE VALUES OF THE STEINBERG CHARACTER 
Let G be a finite group with a weak (B, N)-pair, whose Weyl group is a 
group generated by reflections .I The following facts about the Steinberg 
character of G were established in [I] for finite groups with (I?, N)-pairs, 
and the proofs carry over without any changes to the case of weak (B, N)- 
pairs whose Weyl groups are groups generated by reflections. The Steinberg 
character of G has the form 
x = q- l)lJl (l& (1) 
where GJ is the subgroup BW,B of G corresponding to the subgroup W, 
of the Weyl group whose distinguished generators {a+ :j E J, J C $} are a 
subset of the full set (wi : j E 2} of distinguished generators of W. The 
Steinberg character is, except for a factor f 1, the unique generalized 
character x of G with the properties 
(x3 x> = 1, (x, lBG) = 1, (x, l&, = 0, I# 8. (2) 
Moreover the element 
e = e(B) eX , e(B) = 1 B 1-l 1 x, 
XEB 
(3) 
e, = x(l) I G 1-l C x(x) x--l, 
XEG 
is a primitive idempotent in the group algebra A = CG of G over the complex 
field C, such that Ae affords X. 
THEOREM 1.1. For each (B, B)-double coset BwB, w E B, in G, we have 
xLBX(X) = I B I 44 (4) 
where E is the alternating character of W. The idempotent egiven in (3) can be 
expressed in the form 
e = x(1) [G : B]-l c E(W) e(B) we(B). 
WEW 
(5) 
1 For a definition of weak (B, AT)-pairs, see [2], Section VIII. A proof of the result 
used in [I], that the Weyl group of a finite (B, N)-pair is a group generated by 
reflections, has been published by H. Matsumoto, Compt. Rend. 258 (1964), 3419-3422. 
481/712-s 
210 CURTIS 
The proof will depend on two lemmas, the first of which is well known 
(see Tamaschke [8], p. 224, or Helgason ([3], Chap. X, for versions of the 
result). The second is also immediate from the results of Tits on weak (B, N)- 
pairs [9]. 
LEMMA 1.1. Let G be a finite group, B a subgroup of G, and A the group 
algebra of G over the complex Jield C. Let x : A --f C be an irreducible character 
whose restriction to B contains an irreducible character # of B with multiplicity 
one, and let f be a primitive idempotent in CB a&fording the character 4. Then 
u + x(u), u E fAf, is an algebra homomorphism offAf into C. 
Proof. Let V be an irreducible left A-module affording x. By the Frobe- 
nius reciprocity theorem, f V is one-dimensional, say, f V = Cv, . Then for 
all u E fAf, uV C Cv, , and uv,, = t(u) a, , f(u) E C. Then u + e(u) is an 
algebra homomorphism of fAf into C, and clearly f(u) = x(u), u E fAf. 
LEMMA 1.2. Let G be a finite group with a weak (B, N)-pair, and Weyl 
group W, and let EB = e(B) Ae(B). For each w E W, let S(w) = 1 B I-‘CmBwB x. 
Then the elements S(w) form a basis for EB . If wi is a distinguished generator of 
W such that l(w,w) > l(w), then S(wi) S(w) = S(wiw). 
Proof. The first statement follows from the fact that G = BWB. For the 
second, we need the fact that woiBw C BwiwB, by [2], Lemma 8.4. It follows 
that S(wi) S(w) = hS( w w i ) f or some integer h. By [5], Eq. (3), p. 218 and the 
remark on p. 220 about the interpretation of S(w) in the case of finite groups, 
we have 
h = p((BwiB)-’ WiW (7 BwB), 
where p is the number of right B-cosets in a subset of G left invariant under B. 
We obtain 
(Bw,B)-l wiw = BwiBwiw. 
Letting BwiB = uf=, Bwib, (disjoint) with b, = 1, we have w,b,w, E BwiB 
for all v > 1, Therefore Bw,b,w*w C Bw,wB for all v > 1, and by the Bruhat 
Theorem ([2], Lemma 8.3), we have h = 1. This completes the proof of 
Lemma 1.2. 
Proof of Theorem 1.1. For each distinguished generator wi , let 
Gi = B u BwiB. By (2) we have 
x(eW) = 1, x (,&g. 4 = O* t 
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Therefore 
and 
I B I xi@)) + x ( 1 
r&up 
x) = 0, 
XcqWi)) = - 1, (6) 
for all distinguished generators wi . If w is an arbitrary element of W, of 
length K, then by Lemmas 1.1 and 1.2 and Eq. (6), we obtain 
XPW = (- 1)” = 44, 
and (4) is proved. 
For the formula (5), we have 
e=We,= ,G,z,GxX e xo c ( ) (B) =(B), 
since e(B) ex = e(B) exe(B). Using Eq. (4), we obtain the formula (5), and 
the theorem is proved. 
2. ON FINITE GROUPS WITH A GENERALIZED STEINBERG CHARACTER 
It is well known that a finite group G admits a weak (B, N)-pair whose 
Weyl group is 2, if and only if G is a doubly transitive permutation group 
on the left cosets of B. It is also a familiar fact that if G is doubly transitive 
on the left cosets of a subgroup B, then 1s G - lo is an irreducible character 
of G appearing with multiplicity one in 1 sG. Conversely, if G is a finite group 
with a subgroup B such that the character x = lBG - lo has the property 
(x, lBG) = 1, then G is doubly transitive on the left cosets of B. Thus the 
above special properties of the character x = lBG - lo are equivalent to 
double transitivity. 
We initiate in this section the study of finite groups with a generalized 
character x satisfying the conditions (2) in Section 1 above, relative to a pair 
of subgroups G1 and Gs of G, such that x does not vanish on the characteristic 
functions of the (Gr n G, , Gi n G&double cosets. For example, the Stein- 
berg character of a finite group with a weak (B, N)-pair whose Weyl group is 
dihedral, has all these properties, by [Z] and Theorem 1.1 above. 
For the statement and proof of the theorem below, we assume familiarity 
with [2], especially Section VIII. We continue to use the notations A, e(B), 
EB and C (for the complex field) introduced in Section 1. 
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THEOREM 2.1. Let G be a finite group generated by two subgroups G, and G, 
such that, letting B = G, 17 G, , the generalized character 
x = 18” + lc - 1:, - 1;, (7) 
has the properties 
(x9 1; ) = 1, (x, L7) = (XT G,> = (x, G,> = 0, (8) 
and for all u E G, 
x ( (9) 
Then the right coset geometry associated with the subgroups G1 and G, is a non- 
degenerate generalized n-gon, for some n. Moreover, the Hecke algebra 
EB = e(B) Ae(B) is isomorphic to the group algebra of the dihedral group D, , 
and G = BSB, where S is a subgroup with two generators s1 and s2 such that 
si2eBi, i= 1, 2. 
The proof will be given in a series of steps, 
STEP 1. Each (Gi , B) double coset cons&s of exactly two (B, B)-double 
cosets, for i = 1, 2. In particular Gi is doubly transitive on the left cosets of B 
in Gi , andfor i = 1,2 we have Gi = B u BsiB, with si2 E B. 
Proof. It is sufficient to prove the first statement. By (7) and (8), 
(xv x) = 1, so that x’ = f x is an irreducible character of G. Since 
(x, lBG) = 1, e = e,,e(B) = e(B) e,te(B) is a primitive idempotent in A 
affording the character x’. Because of the hypothesis (9), e = Z&e(B) tie(B), 
where the {ti} are representatives of the (B, B)-double cosets, and all coef- 
ficients 0~~ # 0. The hypothesis (x, lE,> = 0 implies that ee(G,) = 0, k = 1,2. 
Therefore each (B, G,)-double coset contains at least two (B, B)-double 
cosets. Otherwise when ee(G,) is expressed as a linear combination of linearly 
independent elements e(B) y&G,), where ya belong to distinct (B, G,)- 
cosets, there will be a nonzero term of the form ol,e(B) t<e(G,), contrary 
to the fact that ee(G,) = 0. 
We next observe, for subgroups D, D’ of G, that (1g , 1:~) is the number 
of (D, D/)-double cosets in G. Then (x, 1:) = 1 implies that 
Since the number of (B, B)-cosets is at least twice the number of (B, G,)- 
cosets, it follows from (10) that each (B, G&double coset contains exactly 
two (B, B)-cosets as required. 
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Remark. By Theorem 1 .l, the hypothesis (9) is satisfied by the Steinberg 
character of all weak (B, N)-p airs, For the rest of the proof of Theorem 2.1, 
only the statement of Step 1, which is a consequence of (9), is required. The 
hypothesis (9) in the statement of the Theorem can be replaced by any 
hypothesis implying Step 1. Such a hypothesis is that 
([G : B], [B : B n xBx-~]) = 1, 
for all x E G. This statement asserts that the degree of the permutation 
representation lBG is relatively prime to the degrees of all the transitive 
constituents of the restriction ( lBG)B to B, and is satisfied by the (B, IV)-pairs 
known to the author. But we have no proof that this condition holds for all 
weak (B, N)-pairs, so that, for the present, (9) seems to be a more satis- 
factory hypothesis. 
Before proceeding, let us remark that the characteristic functions on the 
(B, B)-double cosets form a basis for the algebra EB . For an arbitrary element 
Uq?, define the support supp (u) of u to be the (I?, B)-cosets whose 
characteristic functions appear with nonzero coefficients in u. 
STEP 2. For i = 1, 2, let Si = 1 B 1-l ‘&EBsiB x. Then S, , S, and e(B) 
generate the algebra EB . For i = 1, 2 we have 
Si2 = q&B) + (Pi - 1) si 9 qi=[B:BnsiBsi]. (11) 
We call a word in S, and S, reduced if it contains no factors of the form S12 
or s22, and de$ne the length of a reduced word with k factors to be k. Then Es 
has a basis consishg of all reduced words of length < n for some n, together 
with e(B) and one reduced word of length n. The two possible reduced words of 
length n are equal in EB , so that the dimension of EB is 2n. 
Proof. Since x(eB) = 1 and X(e(Gi)) = 0, i = 1, 2, by (S), we have 
~(5’~) = - 1, i = 1, 2. Now let Bs,B = uF:I btsiB, where {b,} are coset 
representatives of B n siBsi in B, and b, = 1. Then 
S, = Z,b,sie(B) = ,Z,e(B) sib;‘, 
Since BsiB = (BsiB)-l. 
Therefore 
Si2 = Z:,,,e(B) s,b;‘bUs,e(B). 
We have s,b;lb,s, E Bs,B, by Step 1, unless t = u. Therefore 
si2 = w(B) + psi , p E c. 
Applying x and using the facts that x(S,) = - 1 and x 1 EB is a homomor- 
phism of EB into C, by Lemma 1.1, we obtain (11). 
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Next we prove, by induction on k, the following result. 
(12) Let all reduced words in S, and S, of length j < k be linearly independ- 
ent. Then no reduced work of length k is a linear combination of reduced words of 
length less than k. Moreover, the support of each reduced word of length j < k 
is contained in a unique (B, B)-double coset. 
Proof of (12). The result is clear if k = 1. Now assume the result for 
k - 1, and also assume that the reduced words of length j < k are linearly 
independent. Let W and W’ be linearly independent reduced words of 
length k - 1, with support in the (B, B)-double cosets BwB and Bw’B 
respectively. Let W” be a reduced word of length k; then we may assume 
without loss of generality that W” = S,W. By Step 1, the support of W” 
is contained in G,wB, which contains BwB and one other (B, B)-coset. 
If W” is a linear combination of reduced words of length < k, then Wand at 
most one other reduced word are involved. We must dispose of several cases. 
Case (i). w” = XW + ,uW’. Then X and TV are both nonnegative integers 
(see [.5$ Prop. 1.1). Applying x and using the facts that x(W) = x(W) = 
(- l)k-l, and x(w”) = (- l)k, we obtain h + TV < 0 which is impossible. 
Case (ii). W” = S,W = hW + ~.LW*, where W* is a reduced word of 
length less than k - 1. Multiplying by S, and using (1 l), we obtain 
q,w + (41 - 1) (hW + /Lw*) = hsw + &Lw* + /Ls,w*. 
First suppose S,W* contains a word of length k - 1 with a nonzero coef- 
ficient. Then S,W* must be W’, since W has S, for its first factor. Then we 
obtain TV = 0 since W, W’ and W* are linearly independent by assumption, 
and S,W = AW, with h a positive integer. Applying x we obtain x(S,) = X 
which is impossible. Now we may assume W” and SIW* both involve only 
reduced words of length less than k - 1. Then we obtain 
p((q1 - 1) - h) w* = #l&w*. 
Either p = 0 and we are finished as before, or S,W* is a multiple of W*, 
which is impossible. This completes the proof that W” is not a linear combina- 
tion of reduced words of length < k. It is now sufficient, by induction, to 
prove that the support of w” is a single (B, B)-coset. From what has been 
proved, supp (II”‘) contains a (B, B)-double coset Bw”B distinct from BwB 
and Bw’B. If supp (IV”) # Bw”B, then since, for i = 1 or 2, 
W” = s,w = w’s, ) supp (W”) contains BwB, Bw’B and Bw”B, contrary 
to Step 1, and (12) is proved. 
Now we are ready to finish the proof of Step 2. Let n be the largest integer 
such that all reduced words of lengths < n - 1 are linearly independent. 
Let X and Y be the reduced words of length n. By (12), the reduced words 
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of length < n - 1 together with X form a linearly independent set, and by 
our assumption Y is a linear combination of these words. By (12), it follows 
that Y = hx for some h. Applying the homomorphism x, we obtain h = 1. 
We have now proved that every word, reduced or not, involving S, and S, 
is a linear combination of the reduced words of length < n. Therefore the 
support of any word involving S, and S, is contained in the supports of the 
words of length < n. Since G is generated by Gi and G, , and hence by 
B v Bs,B v Bs,B, it follows that every (B, B)-double coset is contained in 
the support of some word involving S, and S, . We conclude that Es is 
generated by S, , S, and e(B), and the proof of Step 2 is finished. 
STEP 3. Now we can complete the proof of Theorem 2.1. For a reduced 
word W in S, and S, of length < n, we define the corresponding word w 
in si and sz . Since the support of W is a single (B, B)-double coset, it follows 
that supp W = BwB, so that if w = sisgi -*a, then BwB = Bs,Bs,Bs, --- . 
Therefore G = BSB, where S = (si , sz), si2 E B, i = 1,2. 
It is clear that the double coset geometry (see [2], p. 129) associated with 
the (Gi , B) and (G, , B) double cosets is an ordinary polygon. The proof of 
Lemma 8.6 of [2] together with Step 2 and the remarks above, imply that the 
right coset geometry determined by the subgroups Gr and G, is a non- 
degenerate generalized polygon. 
It remains to prove that EB is isomorphic to the group algebra of the dihe- 
dral group 0, of order 2n. Let M be an irreducible left Es-module. Let m,, 
be a characteristic vector in M for S,S,; then the corresponding characteristic 
root is # 0. A calculation using (11) shows that M is generated by m, and 
Srm,, , so that the irreducible left Es-modules have dimensions either one or 
two. If IJI is a one-dimensional representation of EB , then rp(SJ E { - 1, qi}, 
i = 1, 2, by (11). We also have q1 = qz if n is odd, by [2], Lemma 2.2, p. 116. 
It follows that the number of one-dimensional representations of EB is two 
when n is odd and four when n is even. Finally EB g Horn (Ae(B), Ae(B)) 
(see [5], Prop. 1.4, p. 220), and is a semisimple algebra over C. The dimensions 
of the irreducible modules of EB agree with these dimensions for the group 
algebra of D, , and it follows that the algebras are isomorphic. (For a different 
approach, see the appendix to [6].) Th is completes the proof of Theorem 2.1. 
Theorem 2.1 has some interesting consequences. For a group G satisfying 
the hypothesis of Theorem 1.2, we can conclude that either B n G or 
n = 2, 3, 4, 6, 8, or 12. The algebra EB is isomorphic, as we have remarked, 
to the centralizer of the induced module whose character is lBG. The iso- 
morphism between EB and the group algebra of a dihedral group implies that 
the irreducible characters of G appear with multiplicities 0, 1 or 2 in lBG. 
If n is odd, then two appear with multiplicity one, while if n is even, there are 
four irreducible characters 5 with (t;, lBG) = 1. 
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We conclude with two additional results on the structure of groups satis- 
fying the hypothesis of Theorem 2.1. We first note that if B 0 G, then G/B 
is a dihedral group of order 2n. 
THEOREM 2.2. Let G be a finite group satisfying the hypothesis of Theorem 
2.1. Suppose B is not a normal subgroup of G, and that n = 3. Then G is a 
projective ABA-group in the sense of [4], p. 390. The right coset geometry 
determined by GI and G, is a projective plane, and G acts as a doubly transitive 
permutation group on the points of the plane. The plane is Desarguesian, and the 
group of collineations of the plane determined by G contains the little projective 
group of the plane. 
Proof. In case n = 3, we obtain from the proof of Step 2 the facts that 
and 
G = G,G,G, = G,G,G, , 
G,G, n G,G, = Gl u G, . 
Moreover, by Lemma 2.2 of [2], [G, : B] = [G, : B], and [Gi : B] > 2 for 
i = 1, 2; otherwise B n G, contrary to the hypothesis. Since x # 0 by the 
hypothesis of Theorem 2.1, we have [G : GJ >, 2 for i = 1, 2. Therefore G 
is a projective ABA-group in the sense of [4], p. 390. Finally, we have 
G = G, u G,s,G, , and the rest of the Theorem follows from Proposition 9, 
p. 390 of [4]. 
THEOREM 2.4. Let G satisfy the hypothesis of Theorem 2.1. A necessary 
and sufficient condition for G to have a weak (B, J/)-pair whose Weyl group is 
dihedral of order 2n is that for some choice of the subgroup S = (sl , sz), 
si6G,-B,si2~B,i=1,2,wehave[S:SnB]=(lBG,IgG)=2n. 
Proof. Since (lBG, lBG) is the number of (B, B)-double cosets, the neces- 
sity is implied by the Bruhat theorem ([2], Lemma 8.3) for weak (B, N)-pairs. 
For the converse, assume for some choice of S, [S : S n B] = 2n. Then for 
all s E S, $sB = sB, or else there are two distinct cosets of the form sB, 
s E S, in BsB, contrary to the assumption that the total number of cosets 
of the form sB, s E S, is equal to the number of (B, B)-double cosets. By a 
similar argument, if S,S, .*. = SaSr *em is the homogeneous relation in EB 
of length n, then 
w2 . . . B = s2sl . . . B 
and (siss)R E B. We next have S n B n S, for ifs E S n B, and if s&l 4 B, 
i = 1 or 2, then siss;’ E Bs,B, s&B = s$B, and si E B contrary to assump- 
tion. We prove now that Bs,sB f BsB for all s E S. This statement is true 
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for all reduced words s in s1 and sa of length < 12. If Bs,sB = BsB for an 
arbitrary word s, then by removing factors belonging to B n S and using 
the fact that B n S d S, we would obtain Bsis’B = Bs’B for a reduced 
word s’ of length < n, which is impossible. It follows that 
s,Bs C BsB u Bs,sB 
for all s E S and i = 1, 2, and the proof that G is a weak (B, N)-pair whose 
Weyl group is dihedral is completed. 
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